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, Abstract. We introduce the notions of 2-covering maps and 2-fundamcntal groups of graphs, and in- 

1 vestigate their basic properties. These concepts arc closely related to Horn complexes and neighborhood 

^— ^ ■ complexes. Indeed, we prove that the fundamental group of a neighborhood complex is isomorphic to 

a subgroup of the 2-fundamcntal group whose index is 1 or 2. We prove that the 2-fundamental group 
and the fundamental group of a neighborhood complex for a connected graph whose chromatic number 
, is 3 have group homomorphisms onto Z. 

u : 

1. Introduction 

Neighborhood complexes were defined by Lovasz in |10j in the context of the graph coloring problem. 
He proved the connectivity of the neighborhood complex gives the lower bound of the chromatic number 
and determined the chromatic number of Kneser's graphs. In this paper, we give another interpretation 
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of the fundamental group of the neighborhood complex, and obtain a necessary condition for a graph 

00 ■ 

■ that its chromatic number is 3. Usually, a relation between the chromatic number and the topology of 

■ the graph complex is obtained by using characteristic classes of principal bundles of finite groups (see 
[7], 0, and [H]), but our method is different. 

We introduce the notions of 2-covering maps and 2-fundamental groups of graphs. 2-covering maps are 
essentially different from usual covering maps of graphs. In fact, we prove that the connected 2-covering 
over a complete graph K n on n vertices for n > 4 are only K n and Ki x K n (Corollary 5.2). We study that 
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2-fundamcntal groups are closely related to 2-covering maps, as is the case of the covering space theory 
in topology. For example, there is a natural correspondence between subgroups of the 2-fundamcntal 
group of a graph G and the connected based 2-coverings over G (Theorem 4.16). After establishing the 
basic theory of 2-covering maps and 2-fundamcntal groups, we prove that a 2-fundamcntal group of a 
connected graph whose chromatic number is 3 has a surjection to Z (Corollary 5.4). Finally, we prove that 
the subgroup of a 2-fundamental group, called the even part, whose index is 1 or 2 is isomorphic to the 
fundamental group of the neighborhood complex (Theorem 6.1). Then we prove that the 1-dimensional 
homology group of Af(G) has Z as a direct summand (Corollary 6.2). 

The rest of this paper organized as follows. In Section 2 we review the all necessary definitions and 
facts related to graphs, simplicial complexes, neighborhood complexes, and Horn complexes. In Section 
3 we provide the definition of 2-covering maps and study the basic properties of 2-covering maps. Here 
we prove that 2-covering maps induce covering maps of neighborhood complexes and Horn complexes. 
In Section 4 we provide the definition of 2-fundamcntal groups and study their basic properties and 
investigate the relation between 2-fundamental groups and based 2-covering maps. In Section 5, we 
compute 2-fundamcntal groups for basic graphs and establish van Kampcn theorem for 2-fundamental 
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groups. In Section 6, we prove the even part of the 2-fundamental group of G is isomorphic to the 
fundamental group of the neighborhood complex of G. 

2. Definitions and Facts 

In this section, we review the basic definitions and facts used in this paper relating graphs following 
PQ, [7] and [8]. For the covering space theory in topology, we refer to [5]. 

Graphs : A graph is a pair (V, E) where V is a set and E is a subset of V x V such that (x, y) £ E implies 
(y, x) S E. Therefore our graphs are undirected, simple and may have loops. For a graph G = (V,E), 
V is called the vertex set of G and E is called the edge set of G. We write V(G) for the vertex set of G 
and E{G) for the edge set of G. For vertices v, w of G, we write v ~ w if (v, w) 6 E(G). 

Let G and -ff be graphs. A map / : V(G) — > V(H) is called a graph homomorphism or a graph map 
from G to H if / x f(E(G)) C E(H). 

Let G be a graph. A subset A of V(G) is called independent if ^4 x A n -E(G) = 0. 

We define the graph K n for n e N = {0, 1, 2, • • • } by V(K n )={0, 1, • • • , n- 1} and = {(x, y) £ 

^(G) x V(G)|:r 7^ y}, which is called the complete graph on n-vertices. For a graph G, a graph homo- 
morphism from G to A"„ is called an n-coloring of G. Set 

x{G) = min{n | There is a graph homomorphism from G to K n .}. 

In this paper, we set x(G) = oo if there is no n such that there is a graph homomorphisms from G to 
K n . x(G) is called the chromatic number of G. We say that G is bipartite if x(C) = 2. 

A graph G is said to be connected if T^(G) ^ and each pair (v, w) 6 V^(G) x V(G) there exists a 
finite sequence (i>o, • ■ • ,v n ) of vertices of G such that vq = v, v n = w, and e E{G) for every 

ie {l,-*- 

Let G be a graph. A graph is called a subgraph of G if V(fl") C ^(G) and E(H) C S(G). Let 
{5 a } a£ i be a family of subgraphs of G. The subgraph ({J aeA V(H a ), \J aeA E(H a j) of G is called the 
union of {H a } aeA , written by [j aeA H a , and the subgraph (r\ aeA V(H a ),f) aeA E(H a )) of G is called 
the intersection of {iJ Q } Q6j 4, and written by f] a£A H a . 

Let {G a }o, g A be a family of graphs. We define the product\\ aeA G a of {G a } a£A by setting V^(n a£j 4 G Q ) = 
UaeA V ( G a) and ^(IlaeAG'a) = {(( x a)aeA, (v^qga) I (x a ,Va) € -E(G) for each a G A.}. We de- 
fine the coproduct ]J aeA G a of {G Q by setting ^(U a6A G Q ) = U aeyl ^(G Q ) and E(]J af - A G a ) = 

A right action of a group T on a graph G is a right action a : V(G) xT-> V(G) of T on V(G) as a 
set such that a(x, 7) ~ a(y, 7) if x ~ y for all x,y € V{G) and 7 G T. A graph G with a right action of 
L on G is called a riy/ii T-graph. We define similarly a left T-graph. 

Let G be a graph and i? an equivalence relation on V(G). We define the graph G/R by setting 

V{G/R) = V{G)/R 



E(G/R) = {(a, p)\axpn E(G) ^ 0}. 
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Then the quotient map q : V(G) — > V(G/R) is a graph homomorphism. For a graph homomorphism 
/ : G — > H such that f(v) — f(w) for all (v,w) € P, we can easily see that there exists a unique graph 
homomorphism / : G/R — > H such that / o q = f. 

Let r be a group and G a right T-graph . We define the equivalence relation Pr on V(G) by setting 

R r = {(v,vy) 1 1> e V(G),7 e r}. 

Wc write G/T for G/P r . Wc define similarly r \ H for a left T-graph ff. 

Let G be a graph and u € V(G). We write iV(u) for the set {w £ V(G) \ (v,w) £ E{G)}. N(v) is 
called the neighborhood of v in G. We say that v is isolated if iV(i>) = 0. In general, for a subset A of 
V(G), wc write AT (A) for the set {w £ V(G) | There is u £ A such that (u, w) £ E(G).}. Wc write A 2 (v) 
for N(N(v)). 

A based graph is a pair (G, i>) where G is a graph and v is a vertex of G. 

Let (G, u) and (P, w) be based graphs. A graph homomorphism / from G to H such that /(w) = w 
is called a based graph homomorphism or a based graph map from (G, v) to (H,w). 

Simplicial complex : A pair (V, A) is called an abstract simplicial complex or a simplicial complex 
if (V, A) satisfies the following properties. 

(0) V is a set and A is a subset of 2 V . 

(1) Each a £ A is a finite subset of V. 

(2) For each v £ V, {v} £ A. 

(3) Let t, a £ 2 V with r C a. If er € A, then t £ A. 

Let (V, A) be a simplicial complex. V is called a vertex set of (V, A). We often abbreviate (V, A) to 
A for a simplicial complex (V, A). In this notation, the vertex set of A is written by V(A). 

Let A and A' be simplicial complexes. We say that A' is a subcomplex of A if V(A') C V(A) and 
A' C A, and written by A' C A. 

Let A be a simplicial complex and v £ V(A). We define the star of v, written by st(f), as the 
subcomplex {a £ A | a U {v} £ A} of A. 

Let Ai and A 2 be simplicial complexes. A map / : V(Ai) — > V(A.2) is called a simplicial map if 
/(a) £ A 2 for each a £ Ai. 

A partially orderd set is called a poset. Let P be a poset. A subset P' of P is called a c/iain of P if the 
restriction of the partial order of P to P' is a total order of P' . We set A(P) = {P' | P' is a finite chain 
of P.}. Then A(P) forms a simplicial complex and is called the order complex of P. Let / : P — > Q be 
an order preserving map. Since / preserves finite chains, wc have a simplicial map A(/) : A(P) — » A(Q). 

Let V be a set. We write K^- 1 for a free M-module generated by V. We regard My^ as a topological 
space with the direct limit topology of finite dimensional vector subspaces of R^. For a finite subset 
S C V, the topological subspacc {X)"=o \ Vi £ S, a; > 0, X^ILi a i = 1} °f R^' 1 is written by A5. 

Let A be a simplicial complex. The topological subspacc 

|A| = |J A CT 

ctGA 

of R^( A )) is called the geometrical realization of A. 
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For a poset P, the geometrical realization of A(P) is called the geometrical realization of P, and we 
write |P| for |A(P)|. 

Horn complex : Let G and H be graphs. A multihomomorphism from G to H is a map 77 : V{G) — > 
2 1/ (#) such that 77(f) x 77(k;) C E(H) for all («,?«) 6 E(G). For multihomomorphisms 77,77' from G 
to P, we write 77 < if if 77(f) C if(v) for each f G 7(G). Then < is a partial order of the set of all 
multihomomorphisms from G to H and we write Hom(G,P) for this poset. Hom(G, H) is called the 
Horn complex from G to H. We remark that a minimal point of Hom(G, H ) is identified with a graph 
homomorphism from G to H . 

Let G, Hi and P2 be graphs and / : Hi — >• P2 a graph homomorphism. Then we have the poset map 
/, : Hom(G, H±) -> Hom(G,# 2 ) by setting (J*?7)(cc) = f{r]{x)) for a: G 7(G) and 77 G Hom(G,Pi). And 
we have the poset map /* : Hom(P 2 ,G) — > FIom(Pi,G) by setting f*{r]){x) = rj(f(x)) for x G V(Hi) 
and 77 G Hom(P 2 , G). 

In some literature, Horn complex is defined as follows for finite graphs. Let G and H be finite 
graphs. We remark that there is a natural correspondence between the set of the cells of |A y ( H )| and 
the set of subsets of V(H). In this corrcpondence, a multihomomorphism from G to H determines a 
cell of Hvev(G) |A y(ff) |. We write X G ^ H for the union of all cells of Uvev(G) |A y(ff) | determined by the 
multihomomorphisms from G to H. We remark that the definition of Xg,h needs the assumption that G 
and H are finite graphs. Some people say that Xqh is the Horn complex from G to H . However, since 
Xg.h is a regular CW-complex and the face poset of Xq h is identified with Hom(G, H) we defined, 
Xg.h is naturally homcomorphic to Hom(G, H)\. But since we want to consider the infinite graphs, we 
defined Horn complex as above. 

For more details and interests about Horn complexes, see Q], [7], [S], [15] - 

x-homotopy theory : Dochtermann established a homotopy theory of graphs in [3] called x-homotopy 
theory as follows. 

For n G N = {0, 1,2, • • •}, we define the graph /„ by V(I n ) = {0, 1, ■ • • ,n] and E(I n ) = {(x,y) | \x - 
y\ < 1}- Let /, g : G — > H be graph homomorphisms. A x-homotopy from / to g is a graph homomor- 
phism F : G x /„ — > H for some 77 € N such that F(x, 0) = /(x) and F(x, n) = g(x) for each x G 7(G). 
If there exists a x-homotopy from / to g, f is said to be x-homotopic to g and written by / ~ x g or 
simply by / ~ g. 

We can see that / is x-homotopic to g if and only if / and g are in the same connected component of 
Hom(G, H). In fact, for graph homomorphisms /, g from G to H, the set map F : V(G x Ii) — > V(H) 
defined by (x, 0) h- > /(x) and (x, 1) 1— >■ g(x) is a graph homomorphism if and only if the set map 
V{G) —> 2 V ( H > — {0} defined by x 1— > {/(x), <?(x)} is a multihomomorphism. 

A graph homomorphism f : G —> H is called a x -homotopy equivalence if there exists a graph 
homomorphism g : H — > G such that <?/ ~ x idc and fgc^ x idjj- 

An important example of x-homotopy equivalences is a folding homomorphism defined as follows. 
Given a graph G and tj G 7(G), we write G \ w for the graph V{G \ v) = V(G) \ {v} and E(G \v) — 
E(G) n V(G \ v) x 7(G \ u). The graph G \ u is called a /oW of G if there exists w G 7(G) such that 
iV(«) C N(w). In this case /„ : V(G) — > 7(G \ w) defined by x H> x for x ^ v and v 1 — s- w is called a 
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folding map. It is easy to see that f v is a x-homotopy equivalence and its x-homotopy inverse is the 
inclusion G\v —> G. 

Neighborhood complex : For a graph G, a neighborhood complex is the simplicial complex 

Af(G) = {ic V(G) $A<oo and there exists v G V(G) such that A C N(v).}. 

We remark that a vertex of Af(G) is a non-isolated vertex of G. If G is finite, Af(G) is known to 
be homotopy equivalent to Hom(K2,G) (see [T]). Moreover, Af(G) is known to be simple homotopy 
equivalent to Hom(^2,G) (see [6]). For more details and interests about neighborhood complexes, see 

®, m, El- 

3. 2-COVERING MAPS OF GRAPHS 

In this section, we introduce the notion of a 2-covering map and investigate its basic properties. 

Definition of 2-covering maps : 

Given a graph G and a vertex v of G. Recall that the set {w G V(G) \ (v,w) G £7(G)} is written by 
2V(t>) and {w G V(G) | There is it G V(G) such that (u, u), («, 10) G -E(G).} is written by iV 2 (u). 

Definition 3.1. A graph homomorphism p : G — > H is called a 2-covering map Hp\n(v) '■ N(v) — > N(pv) 
and p|jv 2 (^) : -^(v) — > ^(pv) are both bijective for each u G V(G). A 2-covcring map p : G — >• is said 
to be connected if G is connected. 

We do not assume that a 2-covering map is surjective. Thus the inclusion — > G is a 2-covering map. 

Example 3.2. (1) An identity map is a 2-covering map. 

(2) For a graph G, the second projection K% x G — >• G is a 2-covcring map. We remark that -K2 x G is 
2-colorable for any G. Suppose G is connected. Then K2 x G is connected if and only if x(G) > 3. In 
Section 5, we prove that the only connected 2-coverings over K n for n > 4 are K n and K2 x K n . 

(3) The cyclic graph C n for n > 3 is defined by F(G„) = Z/nZ and E(C n ) — {(x, x + 1), (x + 1, x) \ x G 
Z/nZ}. If n 7^ 4, then the graph homomorphism p : G n fc — >■ G n defined by p(x mod.nfc) = p(x mod.n) 
is a 2-covering map. Since K3 = G3, there exist infinitely many connected 2-coverings over K3. We 
remark that these graph homomorphisms do not preserve A^(x) bijectively for each x G C n k, where 
N 3 (x) = N(N 2 (x)), except for G 6 = K 2 x K 3 -> K 3 . 

(4) The graph L is defined by V(L) = Z and E{L) = {(x, y)\\x-y\ = 1}. If n > 3 and n ^ 4, the graph 
homomorphism p from L to C n defined by p(x) = (x mod.n) is a 2-covering map. 

Lemma 3.3. Let p be a graph homomorphism from a graph G to a graph H . If p\m(v) '■ N(v) — > N(p(v)) 
is surjective and p\n 2 M '■ ^(v) — > A^(p(f)) is infective for each v G V(G), then p is a 2-covering map. 

Proof. Let v G V(G). We want to show that p\n(v) is injective andp| W2 ( 1 ,) is surjective. Let wi, W2 G N(v) 
with p(wi) = p(u>2). Since W\, W2 G ^(wi), we have w\ = W2 from the injectivity of p\n 2 (w 1 )- Therefore 
p\n(v) is injective. Let x G A^(p(v)). Then there exists ?/ G N(p(v)) such that x G N(y). We have 
to G with p(w) = ?/ from the surjectivity of p|at( 1) ), and it G N(w) with p(u) = x from the 

surjectivity of p\n(w)- Since u G ^(f), we have p|at 2 („) is surjective. □ 
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Lemma 3.4. Let f : G —> H , g : H —± K be graph homomorphisms. Then the fallowings hold. 

(1) If g and f are 2-covering maps, then gf is a 2-covering map. 

(2) If g and gf are 2-covering maps, then f is a 2-covering map. 

(3) If f is a surjective 2-covering map and gf is a 2-covering map, then g is a 2-covering map. 
Proof. Let v G V(G). We have the following commutative diagrams. 

N(v) N(f(v)) N 2 (v) N 2 (f(v)) 

ff|jv 2 (/(i>)) 

N(gf(v)) = N(gf(v)) N 2 (gf(v)) = N 2 (gf(v)) 

If one of (1), (2), (3) holds, two of three arrows in each diagram are bijective. Hence so is third. □ 

Proposition 3.5. Let G and H be graphs andp : G — > H be a 2-covering map. Then the map \J\f(G)\ — > 
\M(H)\ induced by p is a covering map in a topological sense. 

Proof. Firstly, we remark that a vertex of a neighborhood complex is a non-isolated vertex. 

It is sufficient to prove that p^ 1 (st(v)) = LL. 6p -i(„) st(vi) for each v G V(H) with N(v) ^ 0, where 
p' 1 (st(v)) is the subcomplex of AT(G) whose simplex is a G Af{G) such that p(a) G st(i>). 

Suppose w G V(st(vi)) n V(st(vj)) for Vi, Vj G Since Uj, Vj G N 2 (w) and p{vi) = p(vj), we have 

Vi = Vj. Therefore st(uj) for Vi G p~ l (v) are disjoint. 

Let a G M(G). Suppose ^ a G p^ 1 (st(v)). Then there exists v' G V(G) such that p(a)u{v} C N(v'). 
Since p is a 2-covering map, there exists w' G such that a C N(w'). Let w G N(w') with p(w) = v. 

Then we have a G st(w) with w G p~ 1 (w). Therefore we have p~ 1 (st(v)) C LL gp-i^) st(uj). On the 
other hand, LLj. gp -i(„) st(wj) C p _1 (st(u)) is obvious. □ 

Proposition 3.6. Let T be a connected graph having no isolated points and p : G — > H be a 2-covering 
map and 770,771 £ Hom(T, G) with 77*770 = P*Vi- V there exists x G V(T) such that 770(2:) n 771(2;) / 0, 
then rjo = 771 . 

Proof. Let v G ryo (2:) D 771 (cc). Since T has no isolated points, we have 770(2;) C N 2 (v) and 771(2;) C N 2 (v). 
Since 75(770(2;)) = 77(771(2;)) and p|jv 2 (u) is injective, we have 770(2;) = 771(2;). 

Since T is connected and 770(2;) = 771(2;), it is sufficient to show that, for each (y,z) G E(G), 770(7/) = 
771(7/) implies 770(2) = 771(2). Thus let (y,z) G -E(G) and suppose 770(7/) = 771(7/) and let 77; G 770(7/). Since 
770(2) C N(w) and 771(2) c N(w), 770(2) = 771(2) from the injectivity of p|jv(io)- ^ 

Proposition 3.7. Let T be a graph having no isolated points and p : G —> H be a 2-covering map. Let 
77 G Hom(T, G) and put £ = 77*77. 

(1) For each Co < C 7 there exists a unique 770 G Hom(T, G) such that 73*770 = Co ® n d 770 < 77. 

(2) For each Ci > C > there exists a unique 771 G Hom(T, G) such that 73*771 = Ci and r\\ > 77. 

Proo/. Firstly, we prove (2). Choose v x G 770(2;) for each x G V(T). Define a map 771 : V(T) — > 2 V ^ -{0} 
by 771(2;) = (p|jVa(ti <t )) _ ' L (ClO c ))- Since T has no isolated points, ^ Cl( x ) £ N 2 {p(v x )). Hence 771(2) is 
not empty. We must prove 771 is a multihomomorphism. Let (x, y) G E(T), and 7; G 771(2;) and it) G 771(7/). 
We want to show (v,w) G E(G). Since 77(7)) G Ci( a; ) C N(p(v y )), there exists 7/ G N(v y ) such that 



a/I 



!»(/(«)) 



S/l 



N 3 (v) 
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p(v) = p(v'). Since v,v' G N2(v x ), we have v = v' from the injectivity of p\n 2 (v :l )- Therefore we have 
v ~ Uj,. Similarly we have ~ iu. So we have 

and ~ p(w). There exists k/ G 7V(u) such that p(w') = p(w). Since iu, u/ G N2{v y ), we have w = to'. 
Therefore we have v ^ w and 771 is a multihomomorphism. 

We prove the uniqueness of 771. Let 77' G Hom(T, G) such that rj < rf and p*(r]') — Ci- Let a; € V(T). 
Since ?7i(x) and 77' (cc) are subset of N 2 {v x ), and p(r)i(x)) =p(rj'(x)), we have ?7i(x) = rj'(x). 

The proof of (1) is similar and much easier. Indeed, we construct 770 by setting 770 (x) = (j>\n 2 {v :c ))~ 1 (Co( x ))- 
r/o is obviously a multihomomorphism since r]o(x) C T)(x). □ 

Corollary 3.8. (Homotopy Lifting Property) Let G,H and T be graphs and p : G — > H be a 2-covering 
map. Suppose T has no isolated vertices. Given graph homomorphisms F : T x —> G and f : T — s> H 
such that F(x,0) = pf(x) for each x G V(T). Then there exists a unique graph homomorphism F : 
TxI n ^G such that F(x, 0) = f(x) for each x G V(T) and pF = F. 

Proof. We can assume n = 1. The map rj : V(T) -> 2 V( - H \x i-> {F(x,0),F(x,l)} forms a multihomo- 
morphism. From Proposition 3.7, we have a multihomomorphism f] : V(T) — > such that / < fj, 
and a graph homomorphism g : T — > G such that g < fj and pg(x) = F(x, 1). We define a set map 
F : V(T x Li) — > V(G) by F(x, 0) = f(x) and F(x, 1) = g(x). Then F is a graph homomorphism since 
/)<? < ?7- The uniqueness of F is obvious since F{x, 1) is the unique element of ^(/(x)) mapped to 
F(x,l)byp. □ 

Corollary 3.9. Let T be a graph having no isolated points and p : G — !> H be a 2-covering map. Then 
the map \p* \ : |Hom(T, G)\ — > |Hom(T, H)\ is a covering map in a topological sense. 

Proof. This is obtained from Proposition 3.7 and the following lemma. □ 

Lemma 3.10. Let P,Q be posets and f : P — > Q be an order preserving map. If the following two 
conditions are satisfied, then \ f\ : |P| — > \Q\ is a covering map. 

(1) For x G P and y G Q with y < p(x), there exists a unique x' G P such that p(x') = y and x' < y. 

(2) For x G P and y G Q with y > p(x), there exists a unique x' G P such that p(x') = y and x' > y. 

Proof. Firstly, we remark that, for an arbitrary posct P and x,y G P, y G V(st(x)) if and only if y is 
comparable with x. 

Let / : P — > Q be an order preserving map satisfying (1) and (2). It is sufficient to show 

P _1 (8t(»)) = [J st(y') 

y'ep- 1 {y) 

for each y G Q. Firstly, we prove that the union of the right of the above equation is disjoint. Let 
2/1,2/2 G p~ 1 (y) with y\ ^ y 2 . Suppose there exists x G V(sl(yi)) n V(si(y2)). Then one of the following 
conditions holds. 

(i) x <yi and x < y 2 . 

(ii) 2/1 < x < 2/2- 

(hi) J/i < x and y 2 < x. 
(iv) 2/2 < x < yi. 
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(i) contradicts to (2) and (iii) contradicts to (1). If (ii) holds, we have j/i < y 2 and p(yi) = p{y2). 
Then we have y\ ~ y 2 from (1) (or (2)) and this contradicts to the assumption of j/i,j/2- The proof of 
the fact that the case (iv) contradicts is similar to the case (ii). So we have that st(y') {y 1 G p^ 1 (y)) are 
disjoint. 

The relation p~ 1 (at(y)) D LL/ep-i^) st (y') i s obvious. Let ^ a G p _1 (st(?/)) and z' G a. Suppose 
V < p{ z ')- Then there exists y' G p^ 1 (y) such that y' < z' . We want to show that a G st(y'). Let x' G a. 
If x' > z', then x' > y' and we have x' G V(st(y')). So we assume x' < z' . Suppose p(x') < y. Then 
there exists x" < y' such that p(x') = p(x"). But since x' < z' and x" < z', we have x' = x". The case 
y < p( x ') is similar. Hence we have a G st(y') if y < p(z'). The case y > p(z') is similar, and we have 

p- 1 (st(y))cUy e p- 1(j/ )St(y / )- □ 



Relation to group actions : 

Definition 3.11. Let T be a group and G a graph and a a right L-action on G. a is called a 2-covering 
action if N 2 (v) r\N 2 {vj) = for every v G V(G) and 7 G T\{er}. We define similary that a left T-action 
on a graph is a 2-covering action. 

Proposition 3.12. Let G be a graph having no isolated vertices, T a group, and a a right T-action on 
G. Consider the following three conditions. 

(1) a is a 2-covering action. 

(2) a is free and the quotient map p : G — > G/T is a 2-covering map. 

(3) a is effective and the quotient map p : G — >• G/T is a 2-covering map. 

In any case, (1) and (2) are equivalent. If G is connected, then the above conditions are equivalent. 

Proof. (1) => (2) : Since we assume that G has no isolated vertices, we have v G A^u) for every vertex 
v of G. Therefore A^w) H A^iry) = implies v ^ vj and we have the 2-covcring action is free. 

Let v G V(G). It is sufficient to show that p\n(v) is surjective and p\n 2 (v) is injective (see Lemma 
3.3). Let a G N(p(v)). Then there are w G a and 70,71 G T such that (vjo,wji) G E(G). Therefore we 
have wji^/q 1 G N(v) and p(w7i7 _1 ) = a. Hence p\n(v) is surjective. Let Wo, Wi G ^(u) and suppose 
p{wo) = p(wi). Then there exists 7 G T such that woj = iDi. Since v G ^(wo) H A^wi), we have that 
7 is the identity of T from the definition of 2-covering action. Hence wq = w±, and we have p\n 2 (v) is 
injective. 

(2) => (1) : Let w G V(G) and 7 G T. Suppose 7V 2 (w) n ^2(^7) + and let w G JV 2 («) n N 2 (vj). Since 
f , t>7 G N2(w) and p(w) = p(vj) and p is a 2-covering, we have that v — vj. Since the T-action a of G is 
free, we have that 7 is the identity of T. Therefore a is a 2-covering action. 

(2) => (3) is obvious. We suppose that G is connected and prove (3) (2) in this case. Let v G V(G) 
and 7 G T and suppose i> = vj. Then the map / 7 : G — >■ G, v i-> t>7 has a fixed point v. Since G 
is connected, we have / 7 = idc from Proposition 3.6. Since the action a is effective, we have 7 is the 
identity of T. Hence we have a is free. □ 

Example 3.13. (1) Let n and k be positive integers such that k > 3 and fc 7^ 4. Then, the action of Z/nZ 
on C n k hy xt = x + k, where r = (1 mod.n) G Z/nZ, is a 2-covering action, and its quotient graph is Gfe. 
(2) Let fc be an integer with k > 3 and 7^ 4. Then the right action of Z on L defined by x ■ n . — x + kn 
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is a 2-covering action, and its quotient graph is G&. 

(3) For r > 2, the action of Z/2Z on C 2r defined by xt = 1 — 2x, where r is the generator of Z/2Z, is a 
2-covering action, and its quotient graph has two looped vertices. 

(4) For r > 1, the action of Z/2Z on G2 r +i defined by xt = 1 — 2x is not a 2-covering action, since this 
action fixes r G V(C2 r +i)- 

Pullbacks of 2-coverings : Let / : G — > H be a 2-covcring map and p : K — > H be a 2-covering over 
H . Then we define the graph f*K by 

V(f*K) = {(x,y) G V(G) x V(A) | f(x)=p(y)} 

E(f*K) = {((x l ,y 1 ),(x 2 ,y 2 )) \ (x u x 2 ) 6 B(G) <md ( yi ,y 2 ) G £(#)}. 

Lemma 3.14. 27ie projection q : /*A" — > G, (x, y) n- x is a 2-covering map. 

Proof. Let (x,y) G /*A. Let x$ £ N(x). Since /(x) = there is y' such that = x' . Therefore 
(x',y') G N(x,y) and q(x',y') = x' . Therefore q| jv(a;,j/) is surjective. Let (a;o,j/o)i { x iiDi) G N 2 (x,y) with 
= xi- Then since p(j/ ) = f(xo) = f(xi) = p{v\) and y , y\ G N 2 (y), we have y = Hi- Hence g|jv 2 (x,i/) 
is injective. Therefore q is a 2-covering map. □ 

Lemma 3.15. Let G be a graph having no isolated vertices and n a nonnegative integer. Let i\. denote 
the graph homomorphism G — > G x L n ,x i— > (x,k) for k = 0, 1, •■■n. Then for a 2-covering map 
p: E 4Gx I n , i* Q E = i* n E. 

Proof. We can assume that n = 1. Let (x, e) G ig-E. Since (x, 1) G iV2(a;,0), there exists /(e) G N 2 (e) 
such that p(f(e)) = (x, 0). We want to show that / is a graph map. Let (x',e') G i^E such that 
(x,e) - (x',e'). Then /'(e) ~ e ~ e' ~ /(e) and p(f(e)) = (x,l) - (x',1) = p(f(e')). Hence there is 
e" G iV(/(e)) such that p(e") = pf(e). Since /(e), e" G iV 2 (e'), we have /(e) = e" and /(e) - f(e'). □ 

Proposition 3.16. Let G,H be graphs having no isolated points and f,g : G — > H be graph homo- 
morphisms with f — g and p : E — > H be a 2-covering map. Then f*E = g* E as a 2-covering over 
G. 

Proof. F : G x /„ -> H be a x-homotopy from / to g. Then f*E ^ i*F*E = i* n F*E = g*E. □ 

4. 2-FUNDAMENTAL GROUPS 

In this section, we give the definition of a 2-fundamental group of a based graph and study its ba- 
sic property. After that, we investigate the relation between based 2-covcring maps and 2-fundamental 
groups. 

Definition of 2-fundamental groups : 

Let n be a nonnegative integer. The graph L n is defined by V(L„) = {0, l,--- ,n} and E(L n ) = 
{(x, y) | \x — y\ = 1}. A graph homomorphism from L n to a graph G is called a path of G with length 
n. Given a path ip of G, the length of (p is denoted by l(ip) and f(0) is called the initial point of tp and 
tp(l((p)) is called the terminal point of y>. For vertices w, iu G V(G), a path from n to w is a path whose 
initial point is v and whose terminal point is w. We denote the set of all paths from v to w by P(G; v, w). 
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We consider the following two conditions for (tp, tp) € P(G; v, w) x P(G; v, w). 

(i) l(tp) + 2 = l(tp) and there exists x G {0, 1, ■ • • , 1(f)} such that (p(i) = tp(i) for i < x and tp(i+2) = tp(i) 
for i > x. 

(ii) = l(tP) and V, x tP(E(L l{lp) )) C £(G). 

We write ~ for the equivalence relation on P(G; v, w) generated by the above two conditions. 

Remark 4.1. Consider the next condition for (p,tp) G P(G;v,w) x P(G;v,w). 

(ii)' i(<£>) = l(tp) and there exists m G {0, 1 • • ■ , l(tp)} such that </?(i) = for all i x. 

Then the equivalence relation ~' generated by (i) and (ii)' is equal to ~. In fact, if (tp, tp) satisfies the 
condition (ii)' , then (<p,tp) satisfies the condition (ii). Thus tp ~' tp implies tp~ip. If (tp,tp) satisfies the 
condition (ii), let r]k for 1 < k < l(tp) denote by the graph homomorphism defined by %(£) = tp(i) for 
i < k and 7]k{i) = tp(i) for i > k. Since (r)k,r]k-i) satisfies the condition (ii)' and i]q = tp and Tjuip) = tp, 
we have tp ~' tp. Hence we have that ~' is equal to ~. 

We write nf(G;v,w) for the quotient set P(G;v 7 w)/ ~. For tp, tp G P(G;v 7 w), we say that tp is 
2-homotopic to tp if tp ~ tp. For tp G P (G; v, w), the equivalence class of ~ represented by tp with respect 
to ~ is denoted by [tp], and is called the 2-homotopy class of tp. 

For tp : L n —> G and tp : L m —> G such that tp(n) = tp(0), we define the composition of tp and tp by the 
path tp ■ tp : L n+m — > G such that (tp ■ tp)(i) = tp(i) (i < n) and (tp ■ tp(i)) = tp(i — n) (i > n). Obviously 
this operation is associative, i.e. (tp ■ tp) ■ t] = tp ■ (tp • rf) if these are composable. 

Lemma 4.2. Let G be a graph and u,V,W G V(G) and tp, tp' G P(G; v, w), tp, tp' G P(G; u,v). If tp ~ 93' 
and i/i/j — tp 1 , then tp ■ tp c± tp' ■ tp 1 . 

Proof. We can assume tp = tp' or tp = tp' . Suppose tp = tp'. We can assume (tp,tp') satisfies the condition 
(i) in the definition of ~ or (ii)' in Remark 4.1. But in this case tp-tp ~ tp-tp' is obvious. The case tp = tp' 
is similar. □ 

From Lemma 4.2, the composition of paths induces the composition of 2-homotopy classes of paths 

irl(G;v,w) x irl(G;u,w) — tt?(G; u, w), ([tp],[tp]) H- [tp-tp]. 

We write a ■ (3 for the composition of 2-homotopy classes, for a G 7r^(G; v, w) and for f3 G 7r^(G; w, u). 

Given a graph G and w G V'(G), then the path Lq G, 1— > v is denoted by *„. It is obvious that 
* v ■ tp = tp and tp • * v = tp ii composable. 

Let tp : L„ — > G be a path of a graph G. The path L n — > G defined by z i-> <y9(n — i) is denoted by Tp. 
From the condition (i), we have Tp ■ tp ~ * v and tp - Tp ~ * w , where v is the initial point of tp and w is the 
terminal point of tp. 

Let G be a graph and tp, tp paths of G. If tp ~ ^, then we have /(<p) = Z(-0) (mod. 2) from the definition 
of 2-homotopy. Thus we say that the 2-homotopy class a is even if the length of the representative of a 
is even, and we say that a is odd if a is not even. 

A loop of a based graph (G, w) is a path of G from u to v. 

Definition 4.3. For a based graph (G,v), n1(G;v,v) is denoted by nf(G,v). nf(G,v) is a group with 
the composition and is called the 2- fundamental group of (G, u). 
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Obviously, the identity element of Trf(G, v) is [*„], and the inverse element of [ip] G tti(G, v) is 
In this paper, we only consider the 2-fundamental groups. Hence we write iri(G,v) for -k\{G,v) and 
tt\(G] v, w) for 7r^(G; v, w). 

All even elements of 7i"i(G, v) forms a subgroup of ttx(G, v) and we write 7Ti(G, v) ev for this subgroup. 
7Ti(G, u) cv is called the even part of the 2-fundamental group of (G, v). 7Ti(G, v) cv is a normal subgroup 
of tti(G,v) whose index is 1 or 2. Indeed TTi(G,v) ev is the kernel of the group homomorphism 

7Ti(G, v) — > Z/2Z , [tp] i — > (l(ip) mod.2). 

We remark that 7r 1 (G,w) cv = ttx(G, v) if and only if the connected component of G containing v is 
2-colorable. In Section 6, we will prove that 7i"i(G, v) cv is isomorphic to the fundamental group of 
(\Af(G)\,v) if v is not isolated. 

Let / : G — > H be a graph homomorphism and let <p,ij> & P(G; v, w) where v, w are vertices of G. We 
can easily see that fotp~foipi{tp~ij). If <p and -0 arc composable, then / o (ip ■ ip) = (/ o ip) ■ (/ o 0). 
Therefore a based graph map / : {G,v) — > (H,w) induces a group homomorphism m(G,v) — > tti(H,w), 
and is denoted by 7Ti(/) or /*. Obviously 7Ti(id) = id and iti(gof) = n 1 (g)oTT 1 (f) and these preserve even 
parts. Therefore tt\ and the even part of tt\ are functors from the category of based graphs (Graphs)* 
to the category of groups (Groups). 

We investigate how 7Ti(/) depends on the choice of a based graph homomorphism /. Then we need to 
consider the x-homotopy for the based graph case. Dochtermann defined the based case of x-homotopy 
in [4], but he assumed that basepoint has a loop. 

For based graph homomorphisms /, g : (G,v) — > {H,w), we say that / is x-homotopic to g if there 
exists a nonnegative integer n and a graph homomorphism F : G x 7„ — > H such that F(v,i) = w for all 
< i < n and F(x, 0) = f(x) and F(x, n) = g{x) for all x G V(G). 

Let (G, v) and (iJ, w) be based graphs. A based multihomomorphism from (G, u) to (iJ, w) is 77 € 
Hom(G, -ff) such that 17(7;) = {w}. The poset of all based multihomomorphisms from (G,v) to (H,w) 
is denoted by Hom((G,w), (H,w)). Then we can easily see that, for based graph homomorphisms f,g : 
(G, v) — >• (H,w), f is x-homotopic to g in the based sense if and only if / and g are contained in the 
same connected component of Hom((G,f), (H,w)). 

We remark that Hom((G, v), (H, w)) does not have a canonical basepoint. Indeed Hom((G, v), (H, w)) 
may be empty. 

Lemma 4.4. Let f, g : (G, v) —> {H, w) be based graph homomorphisms. If f is x -homotopic to g in the 
based sense, then we have 7Ti(/) = ^1(17). 

Proof. We can assume that there is r\ 6 Hom((G, v), (H,w)) such that / < 77 and g < n. In this case 
/ x g(E(G)) C E{H). Therefore for a loop ip : L n G, 

(Jo<p)x{g <p){E{L n )) = (/ x 5 ) o (^ x ^)(i?(L n )) C £(#) 

and we have f o ip g o ip. □ 

Let G be a graph and v, w £ V"(G), a G 7Ti(G; t>, u>). We define the group homomorphism Ad(a) : 
7ri(G, v) -> 7ri(G, w) by Ad(a)(/3) = a • /3 • a. We write Ad(<^) = Ad([^]) for ip G P(G; w, w). We remark 
that Ad(a) preserves even parts. 
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From the definition of Ad, we can easily see that Ad([*„]) = id Wl (G,«) and Ad(/3) oAd(a) = Ad(/3 • a) 
for /3 S 7Ti(G; v, w) and a S 7i"i(G; u, w). Therefore Ad(a) o Ad(a) = id and Ad(a) o Ad (a) = id. So we 
have Ad(a) is an isomorphism and Ad(a) -1 = Ad (a). Thus if G is connected, the group m(G,v) is, 
up to isomorphisms, independent of the choice of the basepoint v. In this case, the notation 7Ti(G, v) is 
often abbreviated to 7ri(G). 

Let (G, v) be a based graph and a € ~k\ (G, w) . In this case, Ad(a) is an inner automorphism of ~k\ (G, v) 
with respect to a. 

Let a, /? G 7i"i(G; u, iw). In general, Ad(a) is not equal to Ad(/3). However, we have that /3-a G tti(G, w) 
and Ad(/3) = Ad(/3 • a) o Ad(a). Since an inner automorphism fixes the abelianization, the abelian 
group homomorphisms 7Ti(G, w)/[7Ti(G, «),7Ti(G, «)] — > TTi(G,w)/[ir\(G,w),iri(G,w)] induced by Ad(a) 
is independent of the choice of a. 

We can define the functor Hi from the category of graphs (Graphs) to the category of abelian 
groups (Abels) as follows. Let G be a graph. Let G = ]J G a be a decomposition of connected 
components of G. We choose one vertex v a for each connected component G a of G, and we define 
H\{G) = ®7Ti(G, v a )/[ / !Ti(G i v a ),TTi(G, v a )}. Then the functor Hi is independent of the choice of v a up 
to natural isomorphisms. 

Proposition 4.5. Let G,H be graphs and f,g graph homomorphisms from G to H. Let v € V(G) be a 
non-isolated vertex. If f ~ x g then there exists a path 7 from f(v) to g{v) such that 



Therefore if G has no isolated vertices and if f ~ x 9, then H±(f) = H\(g). 

Proof. Let F : G x I n — > G be a x-homotopy from / to g. Since v is not isolated, there is w S N(v). 
Define a path 7' : L 2n -> G x /„ by Y(2i) = (w,i) (0 < i < n) and j'(2i - 1) = (iu,i) (1 < i < n). Set 
7 = ^07'. We prove 7Ti(y) = Ad (7) o 7Ti(/). 

Let fc be an integer such that < k < n. Let "f' k denote 7'|L 2fc ancl *fc denote the inclusion G — >■ G x I n , 
x h- > (a;, fc). Let 99 : L„ — »• G be a loop of (G, i>) and set tpk = TjJ. • <p' k ■ Y k - Firstly, we prove ip n ~ <^o- It is 
sufficient to show that ifk — Pk-i f° r 1 < fc < n. Define a path ^ : L^k+n G x /„ by V'fc(i) = 
(i < 2fc-2ori > 2fc+n + 2) and ^(2/c-l) = ip k (2k + n+l) = (w, k- 1), ip k (2k) = (v,k-l) =?p k (2k + n), 
ijj k (x) = ((p(x),k — 1) (2k < x < 2k + n). We can easily see (<p k x iph)(E(L n )) C E(G x /„). From (i) in 
the definition of 2-homotopy of paths, ip k — Ph—i an d we prove ip n ~ 

Therefore we have 



Corollary 4.6. Let G, if be graphs and f a graph homomorphism from G to H , v S V(G) a non-isolated 
vertex. If f is x-homotopy equivalence, /» : m(G,v) —> tti(H, f(v)) is an isomorphism. 

Proof. Let g be a x-homotopy inverse of /. Since g o / ~ x id, we have g* o /„ is an isomorphism from 
previous proposition. Hence we have /* is injective. On the other hand, since / o g ~ id, we have /* o </* 



TTi (g) = Ad( 7 ) o TTi (/) : TTi (G, «) -> TTi (ff, g(v)) 



Ad(7) o ^(M) = F*([ 7 ' • (i n o p) • 7']) = [F o <p n ] = [F o = /.[<?]. 



Hence = Ad(7) o /*. 



□ 



is an isomorphism. Hence /* is surjective. 



□ 
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Relation to 2-covering maps : 

A based graph homomorphism p : (G, v) — > (H, w) is called a based 2-covering map or a based 2- 
covering over (H, w) if p : G — > H is 2-covcring map. A based 2-covering p : (G, v) — ¥ (H, w) over (H, w) 
is called connected if G is connected. 

Lemma 4.7. Let p : (G,v) —¥ (H,w) be a based covering map. 

(1) Let tp : (L n ,0) — ► (H,w). Then there exists a unique tp : (L n ,0) — > {G,v) with tp = pip. 

(2) We write tp for a graph homomorphism (L n ,0) — > (G,v) such that (p = pip for a based graph homo- 
morphism (p : (L n , 0) — > (H, w). Let u E V(G) and tp, ip G P{G; w,u). If tp ~ ip, then the terminal point 
of tp is equal to the terminal point oftp, and we have tp ~ ip. 

Proof. Since the case of n = is obvious, we assume n > 1. Therefore L n has no isolated points. 

(1) The uniqueness of tp follows from Proposition 3.6. Let xq = v - Let X\ G N(xq) such that tp(l) G 
N(<p(0)) — N(w). By induction, we obtain a sequence (xq, ■ ■ • , x n ) of vertices of G such that xq = v and 
p{x{) = <p(i). Set (p(i) = Xi for < i < n, then tp is the lift of (p. 

(2) We can assume that ip and ip satisfy the condition (i) or (ii) in the definition of 2-homotopy of paths. 
Suppose (p and ip satisfy the condition (i) and let n be the length of tp. Then l{ip) = n + 2 and 

there is x G {0, ■ ■ • ,n} such that tp(i) = ip(i) for i < x and ip(i) — ip(i + 2) for i > x. From the 
uniqueness of (1), we have <p(i) = ip(i) for i < x. Since ip{x) and ip(x + 2) are elements of N(ip(x)) and 
p(ip(x)) = ip(x) = ip(x + 2) = p{ip{x + 2)), we have ip(x + 2) = ip{x) = p>(x). From the uniqueness of (1), 
we have <p(i) = ip(i + 2) for x < i. Therefore <p and ip satisfy the condition (i). 

Suppose ip and ip satisfy the condition (ii). Then the map F : V(L n X I\) — > V(H) where F(x, 0) = <p{x) 
and F(x, 1) = ip{x) is a graph map. From Corollary 3.8, we have a graph map F : L n x I\ — > G 
such that F(x,0) = f(x) and pF = F. Since F(x,l) G N 2 (F(x,0)) and pF(0,0) = pF (0,1) and 
pF(n,0) = pF(n,0), we have F(0,0) = F(0, 1) and F(n,0) = F(n, 1). Hence we have ip(x) = F(x, 1) 
and ip(n) = <p(n). □ 

Corollary 4.8. Let p : (G,v) — > (H,w) be a based 2-covering map. Then ni(p) is injective. Let tp be a 
loop of (H, w). Then [tp] G p*(iri(G, v)) if and only if the lift tp of (p with respect to p : (G, v) — > (H, w) 
whose initial point is v is a loop of (G, v) . 

Proof. Let ip be a loop of (G,v) with pip ~ * w . Since *„ is the lift of * w , we have ip ~ * v from the 
previous lemma. Therefore Tti(f) '■ iri(G,v) — > wi(H,w) is injective. 

Let tp be a loop of (H, w). If tp is a loop of (G, v), then we obviously have [tp] G p*Tt%(G, v). Suppose 
[tp] G p*7Ti(G, v). Then there exists a loop ip of (G, v) such that pip ~ tp. From the previous lemma, the 
terminal point of tp is equal to the terminal point of tp. So tp is a loop of (G, v). □ 

Proposition 4.9. Let p : (G,v) — > (H,w) be a based 2-covering and (T,x) a connected based graph and 
f : (T, x) — > (iJ, w) a based graph map. Then there exists a graph map f : (T, x) —> (G, v) such that 
Pf= f if and only if f*(ni(T, x)) C p*(tt 1 (G, v)). 

Proof. Suppose there exists / : (T, x) — > (G,v) such that pf = f. Then we have f x (%i(T,x)) = 

P*f*{lTl(T,x)) Cp*7Tl(G,w). 

Suppose f*iri(T,x) C p*7Ti(G, v). We define the graph map / : (T,x) — > (G,v) as follows. Let 
y G V(T), and tp a path of T from x to y. Let tp be the lift of ftp whose initial point is v. We want to 
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define f(y) by the terminal point of tp. Let ip be another path of T from x to y, and ip the lift of ftp 
with respect to p whose initial point is v. We want to show the terminal point of ip is equal to ip. Since 
/*7Ti(T, x) C p*Tti(G, v), the lift of f(ip ■ tp) is a loop of (G, w). We write 7 for the lift of f(ip ■ tp). Since 
• ip ■ tp) ~ f(<p), the terminal point of the lift of /(■)/> • V 1 ' i s equal to the terminal point of tp. Since 
the lift of / (ip ■ ip ■ tp) is ip • 7, we have that the terminal point of ijj is equal to the terminal point of tp 
from Lemma 4.7. Therefore / is well-defined as a set map. 

We want to show that / is a graph homomorphism. Let (y,z) G E(T), and tp : L n — > T be a path 
from a; to y. We define the path ip' : L n+ \ — > T by <p'\l„ — P> and <p'(n + 1) = z. Let be the 
lift of fip whose initial point is v. Since f(z) G N(f(y)) = N(p(tp(n))), there exists z' G N(<p(n)) with 
p(z') = /(z) = f(tp'(n+l)). Then the lift tp' : L n+ \ — > G whose initial point is v is obtained by p'\h n = <P 
and tp'(n + 1) = z' . Therefore f(z) = z' G N(f(y)) and we have / is a graph homomorphism. □ 

Remark 4.10. From Proposition 3.6 the lift / in the previous proposition is unique. 

Lemma 4.11. Letp : (G,v) — > (H,w) be a connected based 2-covering map. Then there exists a bijection 

$ : Tr 1 (H,w)/p*ir 1 (G,v) =p^ 1 (w). 

This bijection $ is obtained as follows. Let tp be a loop of (H, w) and tp a lift of tp. Then we set 3? ([</?]) 
be the terminal point of tp. 

Proof. Firstly, we want to show that the map $ is well-defined. Let tp, ip be loops of (H, w) with 
[ip] = [ip] in ni(H,w)/p*TVi(G,v). Then there is a loop 7 of (H,w) such that the lift 7 is a loop of (G,v) 
and ip ~ tp • 7. From Lemma 4.7, the terminal point of (p is equal to the terminal point of the lift of ip • 7. 
But the lift of tp ■ 7 is ip • 7 since 7 is a loop. Therefore $ is well-defined. 

Since (G,v) is connected, $ is surjective. Let ip,ip be loops of (H,w) with $([y>]) = $([ip]). Then yj-'i/j 
is a loop of (G, i>) and ip ~ 93 • ^ • tp ~ </? • p(<p • -0). Therefore [95] = [-0] in iri(H, w)/p*tti(G, v). Hence $ 
is injective. □ 

Let (G, be a based graph. A connected based 2-covering map (G, v) — > (G, w) is called a universal 
2-covering over (G, u) if 7Ti(G, £>) is trivial. We deduce that the universal 2-covering over (G, v) is unique 
up to isomorphism over (G,v) from Proposition 4.9 and Remark 4.10. 

The following corollary is useful to compute 2-fundamental groups. 

Corollary 4.12. Let (G,v) be a connected based graph and p : (G, v) — > (G,v) be a universal 2-covering 
over (G, v). For each x G p~ 1 (v), let ip x be a path from v to x. Then [p o tp x ] ^ [po tp y ] for x 7^ y, and 
m(G,v) = {[pop x ] I x G p^{v)}. 

Proposition 4.13. Let (G,v) be a graph. Then there exists a universal 2-covering over (G,v). 

Proof. Let V(G) = ]J wS zv(G) 71-1 v > w )> ^(G) = {(a, (5) | There is tp G (3 such that yj|L/( v ,)_i G a }, 
p(tti(G;v,w)) C {w} and v = [*„]. 

We show that G = (V(G), E(G)) is a graph. Firstly, we claim that the following three conditions for 
(a, (5) G V(G) x V(G) is equivalent. 

(1) (a,[3)eE(G). 

(2) For each pea, the map tp' : V(L l{ip)+l ) -» 7(G) defined by = P and <P'(Kv) + 1 )= PiP) 
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is a graph homomorphism and an element of fa 

(3) There exists tp' G a such that the map tp' : V(Li^ + i — > V(G)) defined by tp'\ v ^ L ^ = <P an( l 
tp' (l(tp) + 1) = p(/3) is a graph homomorphism and an element of fa 

In fact (2) => (3) (1) is obvious, and (3) (2) is deduced from Lemma 4.2. 

Let (a, (3) G E(G), the path tp G a and n = l((p). Then tp' defined above is an element of fa Let 
ip" : L n+2 — > G denote the path defined by tp"\L n+1 = <p' and tp" [n + 2) = ip(n) = p(a). We have tp" G a 
since ~ tp. Therefore (/3,a) G £(G) and G = (V(G),E(G)) is a graph. 

We show j> is a 2-covering map of graphs. It is obvious that p is a graph homomorphism. Let a G V(G) 
and x = Let y G iV(x) and tp £ a a, path with length n. Let : L„+i — > G be a graph map defined 

by v?'|l„ = tp and tp' (n + 1) = y. Then we have [tp'] G N(ct) from the definition of E(G) and p([<£>']) = y. 
Therefore p\N( a ) '■ N(a) — > N(x) is surjectivc. Let fa, fa G ^(a) such that p(fa) = p{fa) = z. Then 
there are 71, 72 G ./V(a;) such that fa G N(ji) for i = 1, 2. Let <^ G a and n be the length of tp. Let 
^ : L n+ i —> G for i = 1, 2 be a path defined by tp'[L n = V 3 an d + 1) = p{li)- Let yj" : L n+ 2 — > G 
for i = 1, 2 be a path defined by ^'|i n+1 = and </?"(n + 2) = z. Then G 7, and y?" 6 /?;. Since 
and satisfy the condition (ii) in the definition of homotopy, we have fa = fa hence p|jv 2 (a) is injective. 
From Lemma 3.3, we obtain that p is a 2-covering map. 

We show that G is connected. We remark that, for a based graph map (L„,0) — > (G,v), the map 
tp : V(L n ) — > V(G) defined by tp(i) = [<£>|lJ is a lift of tp, and tp is a path from v to [tp]. Therefore G is 
connected. 

Finally, we show that iri(G,v) is trivial. Since p is a 2-covering map, it is sufficient to show that 
p*7Ti(G, v) is trivial. Let [tp] G p*7Ti(G, {;). Then the terminal point of the lift tp of tp with respect to p is 
v = [*„] from Corollary 4.8. But since the terminal point of tp is from the construction of tp, we have 
[tp] = [*„]. Therefore p*7Ti (G, u) is trivial. □ 

Lemma 4.14. Lei (G, w) 6e a graph and (G,v) £/ie universal 2-covering over (G,v) constructed in the 
proof of Proposition J^.13. Then the action 

V(G) x 7ri(G,t>) -> V(G), {a,p)\->a-p 

is a 2-covering action. 

Proof. Let a G 7Ti(G, n) and (Pi, fa) G E(G). Then there is </j € fa such that </?|l„_i G fa where n is the 
length of </?. Let tp £ a and to be the length of ip. Then <^-^> G fa ■ ct and </?• V'Um+n-i = V'Un-i -f E fa-a. 
Therefore (ft ■ a,fa ■ a) G £(G) from the definition of £(G). 

Since {i • a = a for each a G 7Ti(G, u), this action is effective and the quotient G — > G/"K\{G, v) = G is 
a 2-covering, this action is a 2-covering action from Proposition 3.12. □ 

Proposition 4.15. Let (G,v) be a based graph and T a subgroup of -K\(G,v). Then there exists a 
connected based 2-covering pr ■ (Gr,«r) - > (G, w) suc/i i/iai pr*""i(Gr, Wr) = T. 

Proof. Let p : (G, w) — » (G, be the universal 2-covering over (G, u) constructed in the proof of Propo- 
sition 4.12. We define Gr by G/P and vr is the image of v of the quotient map q : G — > Gr- From the 
universality of a quotient map, we have a graph homomorphism p-p : Gr — > G such that p-p o q = p. Since 
q is a surjective 2-covering map, pr is a 2-covering map from Lemma 3.4. 
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We want to show that pr*i"i(Gr, i>r) is T. Let [cp] G T and n be the length of p. Since the lift 
ip : (i Tl ,0) — > (G,v) of ^ is defined by ip(i) — [^|i 4 ], we have <£>(n) = G T. Therefore g<p is a loop of 
(Gr,«r)- So we have [ip] G pr*7i"i(Gr, «r)- 

Suppose [y] € p*7Ti(Gr, vr). Then qdp is the lift of ip of (Gr,vr) where dp is the lift of p with respect 
to (G, u) — » (G, v). We have the terminal point of dp is an element of T. So we have [p] G T. □ 

The next theorem summarizes this section. 

Theorem 4.16. Let (G,v) be a based graph. Let C denote the category whose objects are connected 
based 2-coverings over {G,v) and morphisms are based graph homomorphisms over (G,v). Let T> denote 
the small category whose objects are subgroups of iri(G,v) and the morphisms are inclusions. Then the 
functor F :C—¥'D, (p : (G, v) — > (G,v)) <— > Im(p* : iri(G,v) — > tti(G, i>)) is a categorical equivalence. 

Before giving the proof, we recall some terminologies of the category theory. Let J 7, be a functor from 
a catgory C to a category T>. F is said to be essentially surjective if, for each object X of £>, there exists 
an object A of C such that FA = X. F is said to be fully faithful if, for objects A,B of C, the map 
C(A, B) — > V(FA, FB) is bijective. It is known that F is an equivalence of categories if and only if F is 
fully faithful and essentially surjective. (see [IT]) 

Proof. It is obvious that F is essentially surjective from Proposition 4.15. Let pi : (Gi,Vi) — > (G, v) for 
i = 1,2 be connected based covering. From the Proposition 4.9, there exists a morphism of C from p\ 
to P2 if and only if pi*tvi(Gi,vi) C P2*7i"i(G2, ^2)- And if pwK\{Gi, v\) C P2*tti(G2, W2), then there is a 
unique the morphism of C from pi to P2 (see Remark 4.10). This indicates that F is fully faithful. □ 

Proposition 4.17. Let (G,v) be a connected based graph such that x(G) > 3. Then the connected based 
2-covering corresponding to 7ri(G, v) ev is the second projection p : (K2 x G, (0, v)) —> (G, v). 

Proof. Let cp : L n — > G be a loop of (G,v). Since the lift of <p with respect to p is dp : L n — >• A'2 x G 
defined by dp{i) = (i mod. 2, <p(i)). Therefore the terminal point of dp is (0,?;) if and only if p is even. 
Hence p*^\(K2 x G) = 7Ti(G) cv . □ 

Let / : (G, v) — > (H, w) be a based graph map and p : (K, u) — > (iZ, w) be a based 2-covering map. In 
this case, we consider the basepoint or f*K is (v,u). We remark that the connectedness of K does not 
imply the connectedness of f*K. We write q for the projection f*K — > G. Then 

Proposition 4.18. <Z*(tti (/*#)) = /-^(^(K))). 

Proof. Let / denote the second projection f*G — > G, (x, y) 1-4 y. Since p/ = fq, we have <z*(7r 2 (/*G)) C 
/* _1 (p*7i'i(Ar))- Let [tp] G /7 1 (p»7ri(i ; sr)) and ip denote the lift of ftp with respect to p. Since [ftp] G 
p*7ri(A), we have ip is a loop of (AT, u). Then x >->■ V , ( x )) is a 1°°P 01 an d hence <Z*(7Ti(/*G)) = 

5. Computations 

In this section, we compute 2-fundamental groups of some graphs including G„ and K n . Then we 
obtain a condition for a graph whose chromatic number is 3. For the application of it, we investigate 
involutions on bipartite graphs. Next we construct some CW-complex whose fundamental group is equal 
to the 2-fundamental group, and prove van Kamepen theorem for 2-fundamcntal groups. 
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5.1. Computations of 2-fundamental groups of graphs. Here we compute 2-fundamental groups 
of C n and K n . First we remark that ^1(^2) is trivial by definitions, and hence -Ki{Ci) is trivial since G4 
is x-homotopy equivalent to Ki- 

Next we consider the case of K n for n > 4. 

Theorem 5.1. For n > 4, TTi(K n ) ev is trivial. Hence 717 (if„) = Z/2Z for n > 4. 

Proof. Let G K n be a base point of K n . Let </j : L m — > G be a loop of K n . Suppose m > 4. Let 
a G F(iT ra ) be a vertex such that a is not = <p(0), <p(2) or y(4). We define a loop ^ : L m — > K n 
by = ¥>(*) for i ^ 1,3 and = ?/)(3) = a. We define a loop 7 : L TO _2 — > ^ n by 7(1) = a and 
7(1) = ip(i + 2) for i > 2. Then we have ip ~ "0 — 7- Therefore for a loop : L m — >• K n with m > 4 is 
homotopic to a loop with length m — 2. Since a loop whose length is 2 is 2-homotopic to a trivial path, 
we have tti(K„) ov is trivial. □ 

Corollary 5.2. For n > A, connected 2-coverings over K n are only K n and Ki x K n . 

Next we consider the case of C n for n > 5 or n = 3. 

Theorem 5.3. TTi(C r ) = 1 for r = 3 or r > 5. Therefore ^(K^) = Z. 

Proof. First we prove that 7Ti(L, 0) is trivial. Since L is bipartite, it is sufficient to prove that tti(L, 0) ev is 
trivial. Let ip : L-2 n — > L be a loop of (L, 0). Suppose n > 1. Then M = max{|</?(a;)| | x G {0, 1, • • • , n}} 
is positive. Let xq G {0,1,- •■ ,n} with |y?(xo)| = M. Then xo ^ 0, 2n since M 7^ 0, and we have 
ip(xo — 1) = (f(xQ + 1). Therefore tp is homotopic to a loop with length 2n — 2. Hence tti(G, v) ov is trivial. 

Therefore (L, 0) — > (C r , 0) is a universal 2-covcring over (Cr, 0) for r > 5 or r — 3. For a nonncgativc 
integer n, we let <p n : L rn — > C r be a loop of (C r ,0) defined by = i (mod.r). Then the lift of ip n 

with respect to (L, 0) — > (C r , 0) is ip n : L rn — > L defined by <p n (i) = i. For a negative integer n, we let y>„ 
be a loop of (C r , 0) defined by ip n (i) = —i (mod.r), and the lift of tp n with respect to (L, 0) (C r , 0) is 
a loop <p n : F\ rn \ —s- L where <p(i) = —i. From Corollary 4.12, 7Ti(C r , 0) = {[<p n ] I n G Z} and [<^? n ] ^ [<Pm] 
for n ^ m. Since [</J n ] • [</? m ] = [</? n + TO ] for n, m G Z, we have Z = ni(C r , v). □ 

Corollary 5.4. Lei G be a graph. If x(G) = 3. H\(G) has X as a direct summand. 

Proof. We can assume that G is connected. Suppose x(C) = 3 and Hi(G) docs not have Z as a direct 
summand. Then there exists a graph homomorphism / : G — > K3. Since the hypothesis means that there 
is no surjective group homomorphism from tti(G) to Z, the induced map 7Ti(/) : 7Ti(G) — > tti^K^) = Z is 
trivial. So there exists a lift G — > L, and we have x(G) < x(L) = 2- This contradicts x(G) =3. □ 

5.2. Involutions of connected bipartite graphs. For an application of Corollary 5.5, we consider 
involutions of bipartite graphs. 

For a graph G, a graph homomorphism / : G — > G is called an involution of G if / 2 = id. 

Let G be a connected bipartite graph and / : G — > G a graph homomorphism. We can easily show 
that it is independent of the choice of v G V(G) and a path from v to /(d) whether the length of <p 
is even or odd. We say that a graph homomorphism / is even if the length of a path from v to f(v) is 
even for v G V(G). We say that / is odd if / is not even. 
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Remark 5.5. Let G be a connected bipartite graph. Then there exist Aq,A\ C V(G) such that 

(i) Aq and A\ are independent in G. 

(ii) A n Ai = and A U A x = V(G). 

This unordered pair {Aq, Ai} is unique. Let / : G — > G be a graph homomorphism. Then we have 

/is even. /(i )c4 ^ /(Ai) C Ai. 

and 

/is odd. ^ /(Ao)cA. ^ /(Ai)c4 

Therefore, if r : G — > G is an odd involution for a connected bipartite graph G, the action of 
Z/2Z induced by r is a 2-covering action. Indeed, for v G A , N 2 (v) C A and N 2 (tv) C Ai, hence 
N2(v) fl N2(tv) = 0. The case v £ Ai is similar. 

Theorem 5.6. Le£ G be a connected bipartite graph. Suppose H\(G) does not have Z as a direct 
summand. Let t be an involution of G. Then we have; 

(1) if t is even, for any 3-coloring f : G — > A'3, there exists v G V(G) such that f(v) = f(rv). 

(2) if t is odd, for any 3-coloring f : G — > K3, there exists v G V(G) such that f(v) 7^ f(rv). 

Proof. Let v G V(G). We consider v is a basepoint of G. 

(1) : Let t be an even involution of G. We define a graph G T by V(G T ) = V(G) and E{G T ) = 
E(G) U {(x, tx) I x G V(G)}. It is sufficient to prove that x(G T ) > 4. Since r is even, there exists a 
path y> : — > G such that tp(0) = v and y(2r) = tv. Then we have a loop <p' : L 2r+ \ — > G T defined by 
x h-> (p(x) for x < 2r and <p(2r + 1) = v. Therefore x(G) > 3. 

Let ip : L„ -> G r be a loop of (G T ,v). Let rt(tp) denote fl{a; 6 {0, 1, • • • n— 1} | (y>(x), y>(a;+l)) ^ £(G)}. 
We show if n(tp) > 2, </? is homotopic to ip such that n(ip) = n(ip) — 2. Let be the minimum of {x G 
{0,1, ■•• n-1} I (<p(x),(p(x+l)) i E(G)}. Since n((p) > 2,x 9 ^n-l. If (<p(x v + 1), tp(x v + 2)) e E(G), 
ip is homotopic to <// defined by = for and <y?'(a: + 1) = r</?(x + 1). Then x v > = x v + 1 

and n(</s) = n(ip'). Therefore 99 is homotopic to a loop -0 such that (ipix^ + l),ij}{x^ + 2)) ^ -B(G) and 
n(ip) — n{4>). Since ip{x^ + 2) = rtp(x^, + 1) = T 2 ip(x^) = ip{x^,), ip is homotopic to the loop r\ defined 
by rj(i) = ip(i) for i < x^ and r\[i) = ip(i + 2) for i > x^p. Then we have n(ri) = n(tp) — 2. 

Therefore if n((p) is even, ip is homotopic to a loop of (G,i>). Since n(tp ■ ip) = n((f) + n(tp), a 2 € 
i*7Ti(G, v) for every a G ni(G T ,v). 

Suppose that there exists a surjective group homomorphism $ : TV\(G T1 v) — > Z. Let a. G 
Since a 2 G i*7ri(G,u), the composition 

Vl(G,v) — 7Ti(G T ,t)) — Z 

is not trivial. This contradicts to the assumption of -K\(G,v). 

(2) : We write H for the quotient graph G/(Z/2Z), and if be the image of v of the quotient map 
p : G — > i?. We want to show that > 4. Since r is odd, there is a path <p : L 2r +i — > G such that 
(p(0) = v and ip(2r + 1) = t«. Then ptp is a loop of (H, w) with odd length, and we have x{H) > 3. 

Since r is odd, the quotient map p is a connected based double 2-covcring over (H,w). Therefore 
p*7Ti(G, v) is a subgroup of tti(H, w) whose index is 2 (see Lemma 4.11.). Hence there are no surjective 
group homomorphisms from tt\(H, w) to Z. Therefore we have x(H) 7^ 3 from Corollary 5.4. □ 
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Remark 5.7. (1) We can see that the chromatic number of G T in the proof of (1) of previous theorem is 
4 if t has no fixed point. In fact, let 2-coloring / : G — > K2 and A C V(G) such that A fl tA = and 
A U tA = V(G). Then we can obtain a graph homomorphism g : V(G T ) — > K4 defined by g(x) = 2f(x) 
for x G A and g(x) = 2f(x) + 1 for x G tA. 

(2) The chromatic number of H in the proof of (2) of previous theorem is not determined. In fact, If G 
is K2 x K n and t is defined by r(e, .t) = (e + 1 mod. 2, a;), then iJ is K n . 

Example 5.8. Let r be a positive integer. Let rii,ri2, ■ ■ ■ ,n r be positive integers and s a integer with 
< s < r — 2. We define the graph G(n 1; ■ ■ ■ ,n r ;s) by 

V(G(ni, • • • , n r ; s)) = {(cci, ■ • • ,x r ) \ Xi € {0, 1, • • • , and )){« |xi = or n.J > s} 

n 

E(G(ni,--- ,n r ;s)) = {((an,--- ,av), (yi, • • • ,yr)) | ^ -y,| = 1}. 

i=l 

G(ni,--- , n r ; s) is bipartite since there exists a graph map / : G(nx, ■ ■ ■ , n r ; s) — > defined by 
f(xi,--- , x r ) = Xi + • • • + x r (mod. 2). We will prove that 7ri(G(ni, •• • ,n r ;s)) is trivial in Example 5.15. 
G has an involution r defined by t(x\, ■ ■ ■ x r ) 1— > (ni — Xi, • ■ ■ , n r — x r ). r is even if N = n\ + • ■ ■ + n r 
is even and is odd if N is odd. Therefore, for each 3-coloring / : G(ni, ••■ ,n r ;s) —> K3, there is 
a; G F(G(rii, • • • ,n r ; s)) such that f(rx) = f(x) (/(tx) 7^ /(^)) if ^ is even (odd, respectively). 

Example 5.9. (1): A 3-coloring / of Cs such that there exists no v G Cs such that f(rv) = f(v), where 
r is an antipodal map of Cs- We remark r is even. 

(2): A 3-coloring g of C§ such that fr = f where r is an antipodal map of Cq. We remark r is odd. 



A B A 




A B A 

Figure 1. 



5.3. Van Kampen's theorem for 2-fundamental groups. First, for a given graph G, we construct 
a 2-dimensional CW complex |G| whose fundamental group is isomorphic to m(G). In the construction 
of |G| we need the following definitions. 

Definition 5.10. Let G be a graph. A graph map G4 — > G is called a square of G. A square a : G4 — > G 
of G is said to be degenerate if cr(0) = er(2) or <r(l) = f(3). A square er of G is said to be nondegenerate 
if er is not degenerate. 

Let a, a' be squares of G. We say that a is equivalent to er' if there is fc G {0,1,2,3} such that 
a{i) = <r'(i + k) or a(i) = a'(k — i) for each i G V{Ca). 
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Example 5.11. The examples of nondegenerate squares 



o — o 



Figure 2 

We begin to construct \G\. First the set of 0-cells of \G\ is V(G). 

We regard E(G) as a (Z/2Z)-set by r(x,y) = (y,x) where r is a generator of Z/2Z. For each 
{{x,y), (y,%)} £ E(G)/(Z/2%), we attach a 1-cell whose end points are x and y. Wc fix an orientation 
of a loop of each looped vertex. 

2-cells of \G\ are attached as follows. For each looped vertex, we attach a 2-cell twice along given 
orientation of the loop. For each equivalence class a of a nondegenerate square, we let some representative 
a a £ a and attached a cell along the loop 

o-(O) -> cr(l) -> cr(2) -> cr(3). 

This is the construction of |G|. 

Theorem 5.12. m(G,v) = tti(\G\,v) for a based graph (G,v). -ffi(G) = i/i(|G|;Z) for a graph G. 

For the proof of Theorem 5.12, we need the next lemma. We write L for the topological space [0, 1]. 

Lemma 5.13. Let X be a 1- dimensional CW complex, v,w £ X . Let a be a homotopy class of paths 
of X from v to w which is not homotopic to a constant path. Then there exists a unique representative 
ip a of a satisfying following properties. 

(1) There exists a positive integer N a such that Lp' Q 1 (X°) = {-^- | i £ {0, 1, • • ■ , N a }}. 

(2) For each i £ {0, 1, • • • , N a — 1}, a path L —> X , t i— > (p a (j^) or t ^ (p a (^jj— -) is a characteristic 
map of 1-cell whose endpoints are ip a (^-) and (p a (^-). 

(3) There is no i e {1, • • • , N a - 1} such that <p Q (^ 1 ) = ^ for all tel. 

Definition 5.14. Let X be a 1-dimensional CW complex, v,w £ X°. Let a be the homotopy class of 
paths of X from vtoio and tp £ a. Then if is called a canonical representative of a if tp is constant or 
ip = if a where ip a is in Lemma 5.13. 

We begin to prove Lemma 5.13. 

Proof. We can assume X is simply-connected. 

Let ip £ a. Let xq = 0, vq = v, x\ = inf(<^ _1 (X° — {«o})) and V\ = ip(xi). We remark that since 
ip-\X°-{v }) is closed ml, v Q ^ V! £ X°. If tp- 1 (X°-{v 1 })n[x u 1] ^ 0, set x 2 = inf^" 1 ^ 
[x\, 1]) and V2 = tp(x2). After finite this operations, we have x n such that ip~ 1 (X° — {v n }) n [x n , 1] = 0. 

In fact, if not, there exists an infinite sequence (xi)i of / such that Xi < Xi+\, tp(xi) £ X° and 
tp(xi) 7^ (p(xi+i). Set Xoo = sup{a;i | i £ N}. Since is closed in /, f{xoo) £ X°. Since v? _1 (a; 00 ) 

is open in ip~ 1 (X°), there exists n £ N such that for all m > n, we have <p(x m ) = <p{x 00 ). But this 
contradicts to tp(x n ) ^ tp(x n +i). 




FUNDAMENTAL GROUPS OF NEIGHBORHOOD COMPLEXES 



21 



Therefore we have a finite sequence v = xq, ■ ■ ■ , x n = w. Then ip is homotopic to ij) : I — > X satisfying 
i>-HX ) = I i G {0, 1, • • • , n}} and ^(i) = x t and (2). 

If i/j does not satisfy (3), there exists i G {1, ■ • • ,N — 1} such that + 1) — ip(i — t) for t £ I. We 
define a path : I -> X by setting V'(^=|) = ^(^) for t € I, j < i and = VK' 1 ^) for 

t £ I, j > i. Then ?// is obviously homotopic to 0. After finite these operations, we have ip a satisfying 
(1), (2), (3). 

We prove the uniqueness of <p a . Suppose ip a is not unique. Then we can easily see that there exists a 
loop ip : / — > X satisfying (1), (2), (3). If there exists f(jf) = <p(jj) for i < j, let V 5 ' be a loop defined 
by the composition 

[0,1] ► x. 

Therefore we can assume ip(jj) ^ v(j^) for i < j- 

Let Y be a subcomplex X \ <p((0, jj))- Then the composition 

S 1 « [0, l]/{0, 1} — £-> X ► X/Y » S 1 

has degree 1 or —1. This is a contradiction since tti(X) is trivial. □ 

We begin to prove Theorem 5.12. 

Proof. Let ip : L n — > G be a loop of (G,z;). We write 3>(y) for the loop of (|G|,u) such that ip(0) — > 
ip(l) tp(n). Then $ induces a group homomorphism $ : 7Ti(G, v) —> 7ri(|G|,u). We define the 

group homomorphism \1/ : 7Ti (IGI 1 , — >• 7Ti(G,w) as follows. We set Vt'(l) = 1. For l^a£ vridG?! 1 , v), 
let <p a be the canonical representation of a. Then we define the loop ^(a) : 1^ — > G of (G, u) by setting 
*(a)(«) = ip a {^-). Then * induces W : 7Ti(|G|,u) -> 7Ti(G, v) and * is the inverse of I>. □ 

Example 5.15. Let G = G(ni,-- - ,n r ;s) (s < r — 2) in Example 5.8. From Theorem 5.13, 7Ti(G) is 
isomorphic to the fundamental group of a topological space Y r>s where 

Y r . s = {{xx, ■ ■ ■ ,x r ) G [0, 1]™ | (({» |xi - or 1} > s}. 

First we remark that Y r ,Q is simply connected for r > 2, and Y r s for s < r — 1 is connected. Let (r, s) 
for r > s, 

F r + = {(xx,-- - ,s r ) G [0,1]" | ${i |xi = or 1} > s,x r < 1} 
Y r + = {(xx, ■ ■ • , x r ) G [0, 1]" I |a? 4 = or 1} > s, x r > 0} 

Since 5^-_i iS _i is the deformation retract of Y+ s and Y~ s and Y,, + s n Y~ s is connected since Y r _x,s is the 
deformation retract of Y^~ s n 5^T S - Hence y r:S for s < r — 2 is simply connected from van Kampen's 
theorem. 

Before giving the statement of van Kampen's theorem for 2-fundamcntal groups, we give some defini- 
tions about squares. 

Definition 5.16. Let G be a graph and a, <j\, 02 be squares of G. We write o\ U a 2 = o or (T2 U a\ = a 
if one of the following two conditions are satisfied. 

(1) a(i) = o~ 1 (i) for i ^ 2 and a(i) = 0-2(1) for i ^ and 01 (2) = 0-2(0). 

(2) a(i) = <J\(i) for z ^ 3 and <r(z) = 0-2(1) for i^l and cri(3) = 02(1). 
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Let G be a graph and a be a square of G. We define a decomposition sequence of a as follows : 

(1) (a) is a decomposition sequence. 

(2) If (<ti, • ■ ■ , a n ) be a decomposition sequence of a and = rUr', then (ci, ■ ■ • , (7,-_i, r, r', Ci+i, • • • , <x„) 
is a decomposition sequence of a. 

We say that er is decomposed into cri,a 2 , - • • ,o~ n if (oij ■ ■ • , 0Vi) is a decomposition sequence of a. 

Let (G,v) be a based graph. Let {G a } a eA be a family of subraphs of G such that v € V(G a ) for 
each a £ A. We write i a for the inclusion G a —> G and j a p for the inclusion G a n G^ — > G Q . We define 
the group homomorphism <I> : * Q , S yi7ri(G ce , w) — > tti(G,v) by the free product of all iri(i a )- Let N be the 
normal subgroup generated by {j a p t (x)j/3a*{ x ) | cc, /3 €E A, a; £ 7Ti(G Q (~l G^, v)}. Since i a jap = ipjficn 

N 

is in the kernel of <E>. Therefore <!> induces the group homomorphism <& : * a£ A^i{G a , v)/N — > iri(G,v). 
The statement of the following theorem is that <3? is isomorphism under some conditions. This is an 
analogy of van Kampen theorem. 

Theorem 5.17. Let (G,v) be a graph. Let {G a } a< £A be a family of subgraphs of G satisfying following 
properties. 



aeA 

(ii) G a D G/3 n G 7 is connected for all a, fi, 7 G A. 

(Hi) Every nondegenerate square of G is decomposed into squares contained in some G a . 

Then the homomorphism $ : * a eA^i(G a ,v)/N —5- m(G,v) defined above is an isomorphism. 

Proof. In this case, 7Ti(|G|,«) = ^i({J a \G a \,v) and \G a (~l Gp\ = \G a \ n \Gp\. Therefore we can deduce 
this theorem from van Kampen theorem of topology. □ 

Example 5.18. Let {{G a ,v a )} a be a family of based graphs such that v a is not looped for all a. In 
this case, a nondegenerate square of \J a G a is contained in some G a . Therefore we have tt\(\J G a ) != 

* a TTl(G a ). 

Let G be a graph. We write Hq(G) for the free abelian group generated by the set of all connected 
components of G. 

Theorem 5.19. Let G be a graph and Ki 7 K 2 subgraphs of G. If every nondegenerate square of G is 
decomposed in squares of K\ or K2, there exists an exact sequence 



H 1 (K 1 nK 2 ) -> H^K^QH^Kz) -> H^K^IU) H {Ki!nK 2 ) -> H Q {Ky)®Ho{K 2 ) -> H {KiDK 2 ) -> 
Proof. In this case, U^l;^) = ^i(|^i| U |K"2|;Z). Therefore we can deduce this theorem from 



In this section, we prove the following theorem. 
Theorem 6.1. Let (G,v) be a based graph where v is not isolated. Then we have a group isomorphism 




Mayer- Vietoris sequence of H*(— ;Z). 



□ 



6. Fundamental groups of neighborhood complexes 



TT 1 (G,V) 



and this isomorphism is natural with respect to based graph homomorphisms. 
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Corollary 6.2. Let G be a graph. If x(G) = 3, Hi(Af(G);Z) has Z as a direct summand. 

Proof. This is deduced from Theorem 6.1 and Corollary 5.4. □ 

Remark 6.3. For a locally finite graph G, the map |Hom(X2,G)| — > |W(G) induced by the poset map 
rj h-> r/(0) is a homotopy equivalence, see PQ. Therefore we have similar statements of Theorem 6.1 and 
Corollary 6.2 for Hom(_ftT2, G). But since Hom(^2,G) has no canonical point for a based graph (G,v), 
and the statement and the proof of Theorem 6.1 become more complicated. 

Corollary 6.4. Let (G,v) and (H,w) be based graphs where v and w are not isolated. Then 

(pi*,P2*) : tti(G x H, (v,w)) cv ->• 7ri(G, v) QV x m(H,w) ev , a i-> (pi*a,p 2 *a) 

is an isomorphism where p\ : G x _ff — > G and pi : G x H — > H are projections. 

Proof. Then this is deduced from the fact that (bi*|,|p 2 *|) : W{G x H)\ -t \N{G)\ x \Af(H)\ is a 
homotopy equivalence. We think this is well-known, but we give the proof for self-contained. 
We write FAf(G) for the face poset of Af(G). Then we have the two poset maps 

p : FJ\f(G xH)^ FAf(G) x FN{H),a H- ( Pl {a),p 2 {o)) 

i : FAf(G) x FAf(H) -> FAf(G x H),(<t,t) h-» a x r. 

It is easy to show that p and i are well-defined poset maps, pi = id and ip(o~) > cr for er £ FN(G x H). 
Hence ip is an ascending closure map and \p\ = \{pi*,P2*)\ is a homotopy equivalence. □ 

To prove Theorem 6.1, we first construct the group homomorphism $ : 7Ti(G, v) — > iri(Af(G),v). 

Let ip be a loop with length 2n. We remark that <p(2i — 2),cp(2i) 6 N(ip(2i — 1)), so we have 
{iy9(2i — 2), <p(2i)} is a simplex of J\f(G). For a vertex a, b € W(G) such that {a, b} is a simplex of Af(G), 
let 7b a : J — > |W(G) denote a path 7f, a (t) = (1 — t)a + tb. Let (ao, • • • , a m ) be a finite sequence of vertices 
of Af(G) such that {a,_i, a^} C M(G) for 1 < i < m. Then we write 

a oi ->• • • • a m 

for a path t H> 7 aiai _i (Traf — *) for < i < In this notation, the loop $(93) is defined by 

93(0) ->■ 93(2) -)■ > <p(2n). 

We prove $ induces a group homomorphism $ : 7Ti(G, w) — > ni(\Af(G)\,v). 

Let ip,ip be loops of (G,v) with even lengths such that (p ~ ip. We want to say ~ It is 

sufficient to show that (ip, ip) satisfies the condition (i) or (ii)' in the definition of 2-homotopy of paths. 
Suppose (ip, ip) satisfies (i). Namely l(<p) = 2n then l(ip) = 2n + 2 and there exists x € {1, 2 • • • , 2n — 1} 
such that ip(i) = ip(i) for (i < x) and <p(i) = ip(i + 2) for i > x. If x is even, ~ &(4>) is obvious 

since $(93) is the path 

v = 93(0) 93(2) ->••••—» ^(a; — 2) — >■ y>(x) -> ^(a; + 2) — > • • • — > tp(2n) = v 

and &(ip) is the loop 

v = 93(0) -> 93(2) 99(2; - 2) ->• 93(0;) -» <p(x) -» ip(x + 2) -> • ■ • -> 93(2n) = v. 
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Suppose x is odd. We remark that ip(x — 1)(= f(x — 1)), tp(x + 1) and ijj{x + 3)(= <p{x + 1)) is in the 
neighborhood of ip(x)(= f{x) = ip(x + 2)). Therefore $(<p) is homotopic to the loop 

ip(0) ->• ip(2) ->• > <p(x - 1) -» ip(x + 1) y>(x - 1) -> <^(x + 1) -» >■ (p(2n) 

and this is homotopic to the loop 

V?(0) </?(2) (p(x - 1) t/>(x. + 1) ^(x + 1) -» >• (/j(2n). 

Since the last one is equal to &{ip), we have $(y) — 3>(V0- 

Suppose (<p, ip) satishcs the condition (ii)'. Namely l(ip) = l(ip) = 2n and there is x G {1, 2, • • ■ , 2n— 1} 
such that </?(i) = for i ^ x. If a; is odd, then ~ Suppose x is even. We remark that 

{(p(x - 2), (p(x), ip(x)} C N(tp(x - 1)) and {<^(x), xjj(x), <p(x + 2)} C N(<p(x + 1)). Therefore 

^(0) — > tp(2) ->•■■■—> 93(2; — 2) -» (^(.t) -» ip(x + 2)cp ■ ■ ■ ip(2n) 

is homotopic to 

if(0) -t ip(2) -> ► ^(x — 2) -> <p(x) -> ^(x) y>(x) -» p(x + 2) > <p(2n) 

and this is homotopic to 

tp(0) 93(2) -> >ip(x-2)^ ip(x) tp(x + 2) ->■ > (p(2n). 

Therefore we have 3>(y) — 

Hence $ induces $ : ttx(G, v) — > ni(\M(G)\, v). From the dchnition of $, $ is a group homomorphism 
and is natural with respect to based graph homomorphisms. 

Next we construct the inverse of 4>. We define the ^ : 7Ti(|7V(G)| 1 , v) — > tti(G,v) cv as follows. First 
we set ^(1) = 1. Let a G 7Ti(|7V(G)| 1 , v) be a non-identity element and ip a a canonical representative of 
a. Then there exists n € N such that tp^ 1 (|7V(G)|°) = | < i < n}. Then we define *(a) by the 
2-homotopy class of 

ip(0) -> ui -)• -> w 2 -> > w„ -> v(l) 

n 

where is a vertex of V(G) such that yj(^i), ¥>(^) G N(vi). From the definition of 2-homotopy of paths, 
the homotopy class of the above path is independent of the choice of Vi. We can easily see that \1/ is a 
group homomorphism. We want to show that "J induces a group homomorphism : iri(\J\f(G)\,v) — > 
7Ti(G, v)ev Then it is sufficient to show that, for each loop 7 of ([W^G)) 1 , v) which is homotopic to an 
attaching map of a 2-cell of |7V(G)|, ^([7]) is nullhomotopic. 

Let {yo, 2/1,2/2} be a 2-simplex of \Af(G)\. Let 7 be the loop of (|A/"(G) | 1 , v) written by 

v = x xi -> >• x n = yo -)■ 2/1 2/2 2/o = x n >■ xi ->• x . 

Then ^([7]) is a homotopy class of a loop ip : ^4,1+6 ~ ^ G such that </?(2i) = Xj = (p(4ri + 6 — 2i) for 
i = 0, 1, • • • , n and y(2n + 2) = 2/1 and </3(2n + 4) = y 2 ■ Since {2/0, 2/1, 2/2} is a simlex of 7V(G), there exists 
G V(G) such that {2/0,2/1,2/2} C N(w). Therefore we can assume >p(2n+l) = ip(2n+3) = (p(2n+5) = w. 
Thus is homotopic to ip : L 4n — > G such that tp(2i) = Xj = ^(4n — 2i) for i = 0, 1, • • -n. But tp is 
obviously nullhomotopic. 
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Therefore ^ induces a group homomorphism \& : iri(\Af(G)\,v) — > 7Ti(G, u) cv . From the definition, '5 
is the inverse of $. This completes the proof of Theorem 6.1. 
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